We prove some identities for the squares of generalized Tribonacci numbers. Various summation identities involving these numbers are derived.
Introduction
For r ≥ 3, the generalized Tribonacci numbers are defined by T r = T r−1 + T r−2 + T r−3 ,
with arbitrary initial values T 0 , T 1 and T 2 .
By substituting T r−2 = T r−1 − T r−3 − T r−4 into the recurrence relation (1.1), a useful alternative recurrence relation is obtained for r ≥ 4:
T r = 2T r−1 − T r−4 , (
with arbitrary initial values T 0 , T 1 , T 2 and T 3 .
Extension of the definition of T r to negative subscripts is provided by writing the recurrence relation (1.2) as T −r = 2T −r+3 − T −r+4 .
When T 0 = 0, T 1 = 1 and T 2 = 1, we have the Tribonacci sequence, denoted {T r }, r ∈ Z.
Our purpose in writing this note is to establish the following identities: r−6 = 0 . We will also develop the associated summation identities. Specifically, we shall evaluate
Presently we derive some identities that we shall need.
Rearranging the identity (1.2) and squaring, we have Rearranging identity (1.2) and multiplying through by 4T r−3 to obtain
and using identities (1.4) and (1.5) to resolve the right hand side gives
We also require the following results from a previous paper [1] .
Lemma 1 (Partial sum of an n th order sequence). Let {X j } be any arbitrary sequence, where X j , j ∈ Z, satisfies a n th order recurrence relation
. ., f n are arbitrary non-vanishing complex functions, not dependent on j, and c 1 , c 2 , . . ., c n are fixed integers. Then, the following summation identity holds for arbitrary x and non-negative integer k :
Lemma 2 (Generating function). Under the conditions of Lemma 1, if additionally x
k X k vanishes in the limit as k approaches infinity, then
is a generating function for the sequence {X j }.
We note that a special case of Lemma 1 was proved in [5] .
Squares of Tribonacci numbers
Theorem 1. The following identities hold for any integer r:
3)
and
Proof. To prove identity (2.1), write
square both sides and use the identity (1.4) to resolve the cross-products T r T r−1 and T r−2 T r−3 .
Identity (2.2) is proved by multiplying through identity (1.2) by 8T r−2 , obtaining 8T r T r−2 = 16T r−1 T r−2 − 8T r−4 T r−2 and using identities (1.4) and (1.8) to resolve the cross-products.
To prove identity (2.3), rearrange relation (2.6) as T r − T r−2 = T r−1 + T r−3 , square both sides and use the identity (1.8) to resolve the cross-products.
Identity (2.4) is proved by rearranging relation (2.6) as T r − T r−3 = T r−1 + T r−2 , multiplying through by T r−3 to obtain T r T r−3 − T 2 r−3 = T r−1 T r−3 + T r−2 T r−3 and using identities (1.4), (1.5) and (1.8) to resolve the cross-products.
To prove identity (2.5) multiply through the recurrence relation (1.1) by T r to obtain T 2 r − T r T r−1 − T r T r−2 − T r T r−3 = 0. Now use the identities (1.4), (1.5) and (1.8) to resolve the cross-products.
Partial sums
From the identity (2.1) of Theorem 1 and using {X r } ≡ {T 2 r }, r ∈ Z, in Lemma 1, the next result follows.
Theorem 2. The following identity holds for integer k and arbitrary x:
In particular,
A variant of (3.1) was given by Maiorano [2] .
For the Tribonacci numbers, these results translate to:
Shah [3] proved a shorter version of (3.4) and reported a variant of same, attributed to Zeitlin [4] .
Combining identity (3.4) and identity (3.5), and using the summation identity
we obtain
j in identity (3.6), where i = √ −1 is the imaginary unit, allows us to write
Using x = i in identity (3.3) and taking note of identity (3.9), we obtain the following alternating versions of identities (3.7) and (3.8):
Replacing k with 2k in identities (3.7) and (3.10) we find 
